One loop correction to the SUSY Ward-Takahashi identity is calculated on lattice with Wilson fermion. The supersymmetry on lattice is broken explicitly by the gluino mass and the lattice artifact. We should fine tune the theory to the point given by the additive mass correction to eliminate the breaking effect of lattice artifact. It is shown that the additive mass correction appearing from the SUSY Ward-Takahashi identity coincide with that from the axial U (1) R symmetry as was suggested by Curci and Veneziano. Two important symmetries of the super Yang-Mills theory can be recovered simultaneously in the continuum with a single fine tuning.
I. INTRODUCTION
There has been a great progress in understanding the low energy behavior of N = 1 supersymmetric QCD nonperturbatively [1] . The analysis is based on the global symmetry and the holomorphy of the superpotential and we can derive the nonperturbative form of superpotential. This is quite satisfactory when we investigate the vacuum structure of the theory. However when it is required to understand the low energy particle spectrum including excited states or an influence of the Kähler potential this method is insufficient and some other nonperturbative method is required.
The lattice regularization when applied to a supersymmetric theory breaks its SUSY explicitly. This is mainly caused by the fermion problem on lattice and the artifact of the lattice regularization itself. However ability of the lattice field theory to perform the path integral nonperturbatively with Monte-Carlo method is so fascinating that several efforts has been made to resolve the problem of SUSY on lattice. These attempts are classified into two types. One is to realize a SUSY on the lattice which corresponds to the ordinary supersymmetry in the continuum limit [2] [3] [4] . Although this method is beautiful in construction and can extract peculiar feature of the model due to supersymmetry before taking the continuum limit in principle , it is applicable only to the Wess-Zumino model up to now. In order to treat the N = 1 supersymmetric Yang-Mills (SYM) theory, whose component fields (gluon and gluino) are forced to stay at different places (links and sites) on lattice to keep the gauge symmetry, we need the second method. In this method we do not persist in the supersymmetry on lattice and discretize the theory straightforwardly making use of the well known actions on lattice. The SUSY is recovered only in the continuum [5] . This restoration of supersymmetry is not automatic and the discussion in Ref. [5] is as follows.
The SYM theory has two kinds of global symmetries in the continuum. One is supersymmetry and the other is axial U(1) R symmetry which is broken by the anomaly. Both the symmetries are broken explicitly when lattice regularized with the Wilson plaquette action for gluon and the Wilson fermion action for gluino. The source of this explicit breaking is classified into the introduction of gluino mass which cannot be forbidden in Wilson fermion and the lattice artifacts. This explicit breaking effect by the lattice artifacts is given by an irrelevant operator in the Ward-Takahashi (WT) identity and vanishes in the continuum at tree level. However when a quantum correction comes into play this term usually produces an additive corrections. It is required to fine tune several parameters of the theory in order to recover the symmetry in the continuum. Although this fine tuning should be performed independently for each symmetries, we have only one parameter (gluino mass) in SYM which we can freely tune and it is discussed in Ref. [5] that the both symmetries are restored simultaneously with a single fine tuning of the gluino mass to the chiral U(1) R symmetric point. Several Monte-Carlo studies of SYM theory have been done along this line [6] [7] [8] [9] [10] [11] to reproduce the prediction of the SYM low energy effective theory [12] .
In this paper we formulate the SYM theory on lattice with the Wilson plaquette and the Wilson fermion action according to Ref. [5] . We calculate the one loop correction to the Ward-Takahashi identity of both the SUSY and U(1) R symmetry perturbatively in the gauge non-invariant Green function. It is shown that the additive mass correction appearing from the SUSY WT identity coincide with that from the axial U(1) R symmetry as was suggested. This means that the both symmetries of the super Yang-Mills theory can be recovered simultaneously in the continuum with a single fine tuning of the gluino mass. We also calculate the mixing behavior of the supercurrent with the on-shell condition for gluino momentum and mass. The supercurrent mixes with the gauge invariant operator as was predicted in [5] . An extra mixing with gauge non-invariant operators occurs too. This may be because we used gauge variant Green function in our calculation. This paper is organized as follows. In Sec. II we introduce the SYM action on lattice and the Feynman rules relevant for the one loop calculation. In Sec. III we define the super transformation on lattice and give the concerning SUSY WT identity. The WT identity for U(1) R symmetry is also given in this section. Sec. IV and V are devoted to the calculation of quantum correction to one loop order for the axial and SUSY Ward-Takahashi identity. Our conclusion is summarized in Sec. VI.
The physical quantities are expressed in lattice units and the lattice spacing a is suppressed unless necessary. We take SU(N c ) gauge group with the gauge coupling g, the generator T a and the structure constant f abc . The normalization is given as tr(T a T b ) = 1 2 δ ab .
II. ACTION AND FEYNMAN RULE
The SYM theory is given as a minimally gauge coupled adjoint massless Majorana fermion system in the continuum. In this paper we adopt the following lattice regularization procedure [5] . The gauge part is given by a standard four dimensional Wilson plaquette action,
The gluino part is given by the Wilson fermion,
where gluino filed ψ = ψ a T a is the adjoint representation of the gauge group and satisfies the Majorana condition,
The charge conjugation matrix is given as C = γ 0 γ 2 . We used this condition in the second equality of (II.2). Our γ matrix convention is as follows:
Weak coupling perturbation theory is developed by writing the link variable as U x,µ = e igAµ(x+μ/2) and expanding it in terms of gauge coupling g. We adopt a covariant gauge fixing with a gauge parameter α defined by
(II.7)
We set α = 1 in this paper. The ghosts do not contribute to our present calculation at one loop level. The gluon propagator can be written as
where sin 2 p/2 = µ sin 2 p µ /2. The free gluino propagator is the same as that of the Dirac fermion on lattice,
We set the Wilson parameter r = 1 in this paper. A peculiar feature of the Majorana fermion is that the propagators which connect two ψ's or two ψ's give non zero contribution
In order to calculate the one loop correction to the SUSY WT identity we need two kinds of gluon-gluino interaction vertex
and three gluon self interaction vertex,
Our assignments of momentum and color factors for the vertices are depicted in Fig. 1 .
III. AXIAL AND SUSY WT IDENTITY ON LATTICE
The U(1) R transformation is given as an axial rotation of the gluino field,
with a rotation parameter α. The corresponding axial Ward-Takahashi identity is given by
where the axial current j 5µ and the symmetry breaking terms D A , X A are
O is some operator and α(n) is a localized transformation parameter. The trace is taken for the color indices only.
There are several choices for the definition of the super transformation on lattice. The restriction is only to recover the proper form in the continuum limit. Adding to this condition we require the super transformation to commute with the parity transformation on lattice as in the continuum,
In this paper we adopt the following definition of super transformation to satisfy the above conditions,
where ξ, ξ are fermionic transformation parameter satisfying the Majorana condition. For the field strength P µν we employ the definition with clover plaquette,
This is slightly different from the original one [5] . By transforming the vacuum expectation value of some operator
with the localized transformation parameter we find the SUSY WT identity on lattice,
where the supercurrent S µ and the SUSY breaking terms D S , X S are
H µν is given by the subtraction between the clover leafs,
The trace is taken for the color indices only as is in the axial current.
Here we notice that X
S , X
S come from the pure gauge part and X
S are originated from the gluino action. Especially X 
S represent the O(a 2 ) operator. The SUSY WT identity is recovered in the continuum with the gluino mass set to zero since all the irrelevant operators vanish. However at one loop order every term gives the finite contribution and the symmetry restoration becomes nontrivial.
The Feynman rules for the supercurrent and breaking terms which are relevant to our one loop calculation are very complicated and it is not easy to read. We omitted them in this paper.
IV. ONE LOOP CORRECTION TO AXIAL WARD-TAKAHASHI IDENTITY
In this section we calculate the one loop correction to the axial Ward-Takahashi identity. We consider the WT identity with O = ψ(y)ψ(z):
(IV.1)
We calculate the quantum correction to each Green functions in the identity. Although our action is the Majorana fermion system the one loop correction becomes the same as that for the Dirac fermion system [13] except for the color factor. One loop contributions to the Green functions (∇ µ j 5µ ) ψψ and X A ψψ are given by the four diagrams in Fig. 2 . One loop level full Green functions become
One loop correction to D A ψψ is given by the first diagram in Fig. 2 ,
The vertex corrections T A and T P depend on the gluino external momentum and mass and they have infra-red divergence at k = p = M = 0 in general. In order to regularize the infra-red singularity we adopt the following subtraction scheme,
A is a vertex correction given in the continuum theory. Since T cont.
A has the same IR singularity, the IR divergence is subtracted in the first term of (IV.5). We evaluate it by a Taylor expansion around (k, p, M) = (0, 0, 0). The second term should be calculated analytically keeping the IR regulator finite. In this paper we introduce a gluon mass λ into the gluon propagator inside the loop as an IR regularization 1 . We can evaluate T cont.
A quite simply with a Taylor expansion in terms of (k, p, M) keeping λ finite,
where T cont.
A (0; λ) contribute to the renormalization of the operator and the remaining terms are O(a) errors.
In this scheme the vertex corrections are given as
π 2 − 6.977 , (IV.7)
(IV.10)
together with the gluino wave function and mass renormalization factors,
The renormalization of operators is given to keep the proper form of the axial WT identity,
where suffix R means renormalized quantity. The renormalization of gluino mass is given by 1 Strictly speaking this IR regularization procedure cannot be applied to all the quantum corrections in the SUSY WT identity because there is a gluon propagator in the external line and gluon wave function renormalization is required. The IR divergence of the gluino and ghost loops in the gluon polarization cannot be regularized. However we proceed our calculation with this scheme since we are only interested in the one loop vertex correction whose IR divergence is treatable in this method.
where Σ 0 is an additive mass correction which gives the critical hopping parameter corresponding to massless gluino
The renormalization factors are
(IV.20)
Numerical errors of the finite parts in the above are in the last digit written.
V. ONE LOOP CORRECTION TO SUSY WARD-TAKAHASHI IDENTITY
We consider the following SUSY WT identity with O = A α (y)ψ(z):
Although these Green functions are gauge non-invariant we can derive gauge independent quantities such as additive mass correction correctly. One loop corrections to the Green functions (∇ µ S µ ) A α ψ and D S A α ψ are given by the diagrams in Fig. 3 . And those to the Green function X (i) S A α ψ with i = 1, 2, 3 are also given by the diagrams in Fig. 3 . The one loop correction to the Green function with i = 4 is given by the two diagrams in Fig. 4 .
As was discussed in the previous section we introduce the gluon mass λ here again in order to settle the IR singularity at vanishing external propagator momentum and mass. All the IR divergence in the one loop vertex correction appears from the first four diagrams of Fig. 3 and it can be regularized in this scheme. The fermion loops in Fig. 4 do not have any IR divergence.
We calculate the one loop contribution imposing the on-shell condition to the external gluino momentum,
where Γ represents some operator vertex. This is applicable to the bare mass inside the one loop correction by making use of the relation g 2 M = g 2 M R + O(a 4 ). The one loop correction to the Green functions (∇ µ S µ ) A α ψ and D S A α ψ are (5)) .
(V.10)
The finite term proportional to 1/N c emerges from the last tadpole diagram in Fig. 3 .
In the above the finite part of the loop correction is evaluated by performing the loop integrals with the Monte Carlo routine VEGAS in double precision. We employ 20 sets of 10 5 points for integration. Errors are estimated from variation of integrated values over the sets. We eliminated the terms when their coefficients become smaller than the numerical errors. Here we remind that a linear divergence term (O(1/a) term) appeared originally from each diagrams. However these contribution cancel out inter diagrams nontrivially and only the logarithmic divergence and finite term remains in the above. The one loop contribution to the Green function X S A α ψ with the explicit breaking term is given by
where T add.
Here we should notice that the one loop correction to the SUSY explicit breaking term X S produces an additive mass correction given in (V.12). This additive correction coincide with that from the axial Ward-Takahashi identity (IV.20) within a numerical error. This property confirms the prediction of Ref. [5] . We have a comment on the origin of this additive correction. The SUSY explicit breaking term X S can be classified into four parts X (i)
is given by super-transforming the gluino fields of the Wilson term, X
S appears from the gluino action by transforming the link variable in the covariant derivative. X (2) S , X
S are originated from the gluon plaquette action. Since the additive mass in the axial WT identity (IV.20) is due to the axial symmetry breaking term given by rotating the Wilson term, it might have been expected that the additive correction in the SUSY WT identity comes only from X 
S with the Wilson parameter in the gluino propagator and the interaction vertex. We depicted the r dependence of Σ 0 and T add. S in table II, which are in good agreement for every r within a numerical error.
Summing up all the contribution we can investigate the mixing behavior.
Here we make use of the relation
and the on-shell condition for gluino momentum. Among several terms in (V.19) the first term with T
shifts the normalization factor of the supercurrent. The second term with T (1) T represents the mixing with a new gauge invariant operator T µ as was discussed in Ref. [5] . The third gives the additive mass correction and the shift in the multiplicative mass normalization factor. The remaining three terms are mixing with gauge non-invariant operators.
According to Ref. [5] we introduce a gauge invariant fermionic current with dimension 7/2, T µ (n) = 2tr (P µν (n)γ ν ψ(n)) .
(V.24)
With help of the continuum form of the tree level Green function
we can read out the mixing information. Now we assume the existence of a consistent IR regularization scheme of gluon wave function with the gluon mass procedure. If the gluon wave function renormalization factor Z 3 is derived in a consistent manner the one loop level full Green function can be given
where Z 2 is the gluino wave function renormalization factor (IV.12). The renormalization factors are given as
The divergences in the gluon and gluino wave function renormalization factor are canceled within the multiplication Z 3 Z 2 as is easily confirmed in the continuum with dimensional regularization. The operators are renormalized to reproduce the proper form of the SUSY WT identity in the continuum,
The renormalization of the gluino mass is
which gives the same critical mass a in (IV.20). The mixing with the gauge non-invariant operators may be due to the use of the gauge variant Green function for the one loop calculation and may be suppressed in the gauge invariant Green function.
VI. CONCLUSION
In this article we regularize the supersymmetric Yang-Mills theory on lattice with Wilson plaquette action for gluon and Wilson fermion for gluino. In this regularization supersymmetry and the axial U(1) R symmetry of the continuum SYM theory is broken explicitly. Both of the symmetries can be recovered in the continuum by fine tuning the mass parameter.
In order to see this restoration process we calculated the one loop correction to the SUSY Ward-Takahashi identity perturbatively. It is shown that the additive mass correction (the critical mass) induced by the one loop correction to the SUSY explicit breaking term coincides with that from the axial Ward-Takahashi identity. This means the SUSY and the U(1) R symmetry can be restored simultaneously in the continuum limit with a single fine tuning of the gluino mass. Since the tuning to the chiral symmetric point is a well known subject in computer simulation, there is no technical difficulty to deal with the SYM system on lattice even nonperturbatively. However the supercurrent on lattice mixes nontrivially with T µ . There may appear a difficulty in its treatment.
An interesting point in our calculation is that the SUSY breaking term given by supertransforming the plaquette action also contribute to the additive mass correction. Therefore when we consider to use the domain-wall fermion as a gluino part, it is nontrivial to see disappearance of the additive mass correction. Because the Wilson plaquette action is used in the domain-wall fermion system and the Wilson term exists in the action. Its effect remains in the gluino-gluon interaction vertex. This is a fascinating future problem. ACKNOWLEDGMENTS I greatly appreciate the valuable discussions with S. Aoki, T. Izubuchi, T. Kobayashi, Y. Sato and A. Ukawa. Their comments were precise and helped me very much. This work is supported in part by the Grants-in-Aid for Scientific Research from the Ministry of Education, Science and Culture (No.2373). Y. T. is supported by Japan Society for Promotion of Science. (1) 
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